We analyze three-jet production in the central-forward and forward rapidity regions in proton-proton and proton-lead collisions at LHC energies. Our calculation relies on highenergy factorization with a single off-shell gluon obeying small x evolution equation which includes saturation. The calculations are made using two independent Monte Carlo codes implementing tree-level gauge invariant off-shell matrix elements. We calculate differential cross sections for azimuthal decorrelations and unbalanced jet transverse momenta and discuss them in the context of differences in the evolution of the unintegrated gluon densities.
Introduction
Jet production processes are excellent testing ground for perturbative QCD, notably because their analysis does not require a knowledge of fragmentation functions which are subject to large errors. The only non-perturbative input that enters theoretical calculations are thus parton distribution functions (PDFs). They are defined by a particular factorization scheme; for instance for the collinear factorization (see [21] for a review) the PDFs undergo linear Dokshitzer-Gribov-LipatovAltarelli-Parisi evolution equations. It is however known, that at high energies reachable nowadays at LHC, certain types of logarithms occurring in the perturbative calculations can spoil the procedure. The general method is to resume those logarithms giving rise to new types of evolution equations, for instance the linear Balitski-Fadin-Kuraev-Lipatov (BFKL) equation [42, 6] , CataniCiafaloni-Fiorani-Marchesini (CCFM) [20, 14, 13] , the nonlinear Balitski and Kovchegov (BK) equation [5, 40] or nonlinear extension of CCFM -the Kutak-Golec-Biernat-Jadach-Skrzypek (KGBJS) equation [44, 43] .
An example of a situation that requires the resummation of high-energy logarithms is the production of forward jets [54, 25, 63, 51] . Large energies and rapidities of forward jets allows to probe the small x regime and thus it is an excellent testing ground for various resummation schemes and gluon saturation phenomenon which should occur at high-energy densities [32, 55] . Forward jets are even more attractive nowadays as it is possible to study them experimentally at LHC. Thanks to dedicated forward calorimeters, the ATLAS and CMS detectors allow to reconstruct large-transverse-momentum jets up to about 5 units of rapidity. This gives an opportunity to study small x effects experimentally and possibly access the kinematic region where gluon saturation may enter the game. There are indeed hints that saturation actually happens [61, 1, 28, 46] . Various studies of forward jets were done in Refs. [23, 24, 35, 17, 33] . For the recent experimental studies see [18, 37, 19] .
In the present paper we study three-jet production at the LHC within the high-energy factorization framework, which shall be reviewed in Section 2. Multijet processes are interesting particularly due to a bigger phase space -by applying various cuts different properties of gluon densities can be studied. For instance by restricting two of the jets to balance each other on the transverse plane, the third jet can access the gluon transverse space directly. The detailed kinematics of the processes we consider is described in Section 3. We present numerical results and discuss their possible interpretation in Section 4. Finally, we give overall summary in Section 5.
Factorization at high energies
Let us now briefly recall some of the existing formalisms that may be attempted to describe the observables at high energies. Before doing so, let us however make some important remarks. First of all, the full control over the calculation, in particular over its limitations, can be achieved only when working within well established factorization theorems of QCD. Besides the well-known collinear factorization there are so-called transverse momentum dependent (TMD) factorization theorems. They do work in certain processes (see [21] ) but fail in some other. In general they are expected to fail in hadron-hadron collisions ( [22, 58] , see also the short summary in [56] ). The TMD factorizations involve transverse momentum dependent gluon distribution functions, similar to those that are often used in high-energy phenomenology. The problem is, however, that the former are not universal (this is the reason the factorization is violated) whereas the latter are often conjectured to be universal. Let us thus comment on the factorization at the kinematic limit we consider in the paper, namely the "small x" regime. It deals with dense hadronic matter (especially for collisions with heavy ions) for which the formalism of Color Glass Condensate (CGC) [31] proves to be very successful [1] . Basically the TMD factorizations do not deal with the small x limit, although it was shown in [66] that the universality of TMD PDFs is also violated in that limit. On the other hand, in Ref. [27] it is argued that an "effective" factorization within CGC (for dilute-dense collisions) can be seen as an instance of TMD factorization in case of dijets production in the limit of small unbalanced transverse momentum. The factorization formula is then stated as a convolution of a few universal transverse momentum dependent gluon densities and matrix elements which are on-shell, but use off-shell kinematics. In large N c limit those different gluon PDFs can be expressed in terms of two fundamental quantities: the Weizsäcker-Williams gluon density [52, 53] and the "dipole" gluon density (see eg. [41, 38] and references therein; for the possible theoretical issues of those gluon densities as seen from the TMD factorization point of view see [3, 4] ). Both densities are related to certain two-point Green functions. In the more general case of multi-particle production higher correlators are needed (within CGC they are expressed by means of certain averages of the Wilson lines). However, as shown in Ref. [26] in case of dilute-dense collisions and large N c limit only two-point and four-point Green functions are needed. For recent applications to multi-particle production see also [34] .
We see, that the theoretical picture of the processes at very large densities (very small x) is complicated. Unless one is outside the saturation regime (i.e. in the BFKL or CCFM domain), only simple cases like inclusive gluon production can be described in terms of single transverse momentum dependent gluon density [7, 30] .
In the present paper we mainly concentrate on the proton-proton collisions within the kinematic region accessible by contemporary experiments. The nonlinear effects -although present -are actually rather weak. Therefore, we shall use simple k T -factorization with a single type of unintegrated gluon density, incorporating, however, the nonlinear evolution (when necessary we shall compare the results to the BFKL evolution with sub-leading corrections included [48] ). Although simplified, such an approach was proved to be very interesting phenomenologically [46] .
As a reference for the k T -factorization we take the works of Catani, Ciafaloni and Hautmann (CCH) [10, 11, 9, 15, 12, 16] (the following type of factorization formula appeared also much earlier in [32] ). Originally it was stated for heavy quark pair production at tree-level; however we shall assume that one can extend it for more complicated final states including gluons, with the complications explained below. The factorization is expressed by the following formula (see Fig.  1A ); for some partonic final state X and two initial state hadrons A, B we have
where F g * /H are transverse-momentum-dependent densities of the off-shell gluons g * inside H (to be discussed below) andσ g * g * →X is the high-energy hard cross section for the process g
The momenta of the off-shell gluons that enter the hard cross section are defined to be
where
The hard amplitude with the external off-shell gluons is defined by means of certain high-energy (or eikonal) projectors, i.e. the off-shell leg (including the propagator) Figure 1 : A) Factorization of a hadronic collision into unintegrated PDFs (top and bottom blobs after 'squaring') and parton-level sub-process (middle blob). B) The hard sub-process is defined by an off-shell matrix elements with incoming off-shell gluon propagators contracted with high-energy projectors (explained on the r.h.s). In order to make this amplitude gauge invariant additional contributions are needed (see the main text).
respectively (see Fig. 1B ). As already mentioned, in the original CCH works the production of a heavy quark pair was considered. In that case the corresponding off-shell amplitude is gauge invariant, fundamentally due to the form of the projectors. This is however not true for the off-shell amplitudes with gluons in the final state. There are several ways to deal with this problem. First, Lipatov's effective action [50] and the resulting Feynman rules [2] can be used. This is because the kinematics (2) corresponds to quasi-multi-Regge kinematics in the terminology of [2] (for recent LHC-related calculations in that framework we refer e.g. to [57, 59, 39] ). A second approach developed recently in [65] is suitable for automatic calculation of large final state multiplicities and uses a manifestly gauge invariant method of embedding the off-shell process in a larger on-shell process without compromising highenergy kinematics. Finally, there is one more approach [64] suitable in a simplified situation described later in this section.
In the CCH approach, the transverse-momentum-dependent gluon densities F g * /H were originally assumed to undergo the BFKL evolution. As we have remarked above, we shall use the formula (1) with F g * /H incorporating more subtle effects, in particular gluon saturation. In the present paper we shall use the nonlinear BK equation, extended with a consistency constraint, a non singular piece of the gluon splitting function and running strong coupling constant [45, 47] . The strength of the non-linearity is adjusted by a parameter that can be interpreted as a radius of a hadron, either proton or nuclei (e.g. in Ref. [46] it was applied for a lead target). Let us remark, that since there is a conjecture that integration of F g * /H over transverse momentum is related to a collinear PDF, we shall often refer to F g * /H as the unintegrated gluon density. The relation between both quantities readŝ
Suppose now, that we deal with asymmetric kinematics, i.e. x B ≫ x A , which is a characteristic feature of forward scattering (see the next section). Then the gluon originating from hadron B is probed near the mass-shell and F g * /B should be replaced by its collinear equivalent f g/B . Moreover, the valence quarks play important role. Thus, the proper formula in such a setup is given by
where b runs over gluon and all the quarks that can contribute to the production of multiparticle state X (see also Ref. [23] and the appendix of [10] for the collinear limit in the high-energy factorization). In the formula above, any scale dependence was suppressed. The off-shell gauge invariant process g * b → g . . . g can be calculated along the lines of Ref. [64] . The case with quarks is actually straightforward, as in axial gauge any gauge contribution due to Slavnov-Taylor identities vanishes. Let us summarize our basic assumptions. We use k T -factorized, hybrid (i.e. collinear PDF is mixed with the unintegrated one, see also [29] for CGC approach) form given in Eq. (4) with the inclusion of non-liner effects in the evolution of the unintegrated gluon PDF. The hard matrix elements are calculated fully off-shell at tree-level; they are gauge invariant, and all of them are convoluted with the same gluon density given in fundamental color representation, as given in [46] .
Process definition and kinematics
Let us now give a detailed description of the process we are interested in. We want to study exclusive three jet events, namely,
where A = {p + , Pb}, B = p + and J i (p i ) denotes the jet with momentum p i . We work in the c.m. frame throughout the paper. This frame corresponds to LAB frame for p + p + collision, but not for the p + Pb collisions. In our frame we define
with E = √ S/2 where S is the total c.m. energy squared. In the present paper we consider c.m. energies √ S = 5.02 TeV and √ S = 7.0 TeV. Let us now discuss the kinematic cuts that are relevant to the physics we would like to address. To this end let us decompose the final state momenta as follows
where p T i · p A = p T i · p B = 0 and the rapidity η i is defined as
Further we note that p
and
Now let us come back to the kinematic cuts. First of all we assume that
The actual values of the cuts shall be given in the following sections when we discuss numerical results. Typically, we shall order the jets with decreasing | p T i | values, i.e.
Further restriction is given by a jet definition. Here we work with anti-k T clustering algorithm [8] with radius R cut , thus the final state momenta cannot be too close in the φ − η space 1 . In order to access the small x region we have to impose additional cuts. According to (7) and the factorization formula (cf. Eq. (2)), the longitudinal fractions of the hadrons' momenta x A , x B that initiate the hard scattering are given by
1 Actually for tree-level parton-level processes it is equivalent to a proper cut on the φ − η plane.
Thus, in order to select small, say, x A for the fixed S and | p T i | we have to go to large rapidity values, ideally for all the jets. In the same time x B would be large; thus, this sort of kinematics is often referred to as asymmetric kinematics. If some of the jets appear in the central rapidity region, we can still access small x regime provided at least one of the jets is in the forward region. Those issues shall be illustrated by a specific calculation in Section 4.2. The forward region is defined as
while the central region is defined as
with specific boundary values η f 0 , η f 1 , η c given later. Note, that we tag the forward jet in the positive rapidity hemisphere only, both for proton-proton and proton-lead collisions.
There are also additional cuts that might be interesting for the studies of unintegrated gluon densities. We may restrict the two leading jets to be back-to-back-like. More precisely, we can define
with D cut parameter being not much smaller then p T cut . Such a study is motivated by the fact, that for D cut → 0 the total transverse momentum of the initial state gluons is transferred to the forward jet.
4 Numerical results and discussion
Preliminary remarks
The numerical calculations were performed using two new Monte Carlo programs and were crosschecked against each other. The first program is a C + + code using the foam algorithm [36] and based on the method for off-shell matrix elements described in Ref. [64] . The working-name of the program is LxJet 2 . The second independent code is a fortran program based on [65] . Since we want to study some small x properties of the jet observables within high-energy factorization itself, we do not interface the program with any parton shower in the present calculation. The final state parton shower can be added using e.g. pythia [60] and shall be done in the future. Another shortcoming comes from neglecting multiple parton interactions (MPIs). In the contary to dijet production, where MPIs lead to a change of the overall normalization of angle distributions [62] , the situation for three-jet production is more complicated and is left for further study.
Let us now summarize the inputs we have used. For the unintegrated parton densities F g * /H we take the ones described in the previous section and fitted to HERA data in [46] . These include the nonlinear PDFs for proton, lead, and additionally the proton PDF with linear evolution [48] . For the collinear PDFs f a we take CTEQ10 NLO set [49] . The consistent strong coupling constant is also taken from the same source. Since our calculations are essentially tree-level as far as the parton-level amplitude is concerned, there is a large dependence on the choice of the scales. In order to estimate the theoretical uncertainty we do the following standard procedure. First we set the renormalization and collinear factorization scales to be equal µ f = µ r ≡ µ and choose
Our error estimate is then given by the band constructed from the two outputs with the two choices of the scale (including statistical errors): µ/2 and 2µ. In all calculations we choose the radius of the anti-k T algorithm to be R cut = 0.5. We consider two rapidity configurations:
• central-forward region: we demand that the two hardest jets (with indices 1,2) are in the central region defined by η c = 2.8, while the softest jet (with index 3) is in the forward region defined by
• forward region; all three jets are within the region defined by η f 0 = 3.2, η f 1 = 4.9.
2 The program shall be publicly available. 
Asymmetry distributions
In order to check if the region of the longitudinal fractions x A , x B we access is consistent with our assumptions leading to Eq. (4) let us we define the following variable
It has the support in [0, 1] and measures the asymmetry of the event (for x as → 1 we have totally asymmetric events). We expect that within our kinematic cuts the cross section is dominated by asymmetric events, being thus in agreement with Eq. (4). This point shall be verified by explicit calculations below. In the figures 2-4 we present differential cross sections in x as for three different scenarios: forward-central rapidity region, forward-central region with two leading jets being close to backto-back, and the purely forward region. The rapidity regions were defined in the previous section. Further details are given in the plots. We see that the collisions in the forward region (Fig. 4) are completely asymmetric as one should expect. However, most of the events in forward-central region are also asymmetric, as seen in Fig. 2 . We have observed, that -as far as forward-central collisions are concerned -lowering the p T cut spoils the asymmetry of the events; thus one cannot go to as low p T cut as for purely forward collisions. dσ/dϕ 13 [pb] 
Azimuthal decorrelations

Central-forward jets
Let us now present the results for azimuthal decorrelations for central-forward jet configuration. There are many azimuthal observables that can be studied within this context. In this paper we study distributions in the azimuthal angle between the leading jet (with index 1) and the softest jet (with index 3)
Note, that this angle is always calculated in one direction and is not just the smallest angle between the jets. This is important; if we assume that the direction of the leading jet divides the azimuthal plane to two half-planes, the events with the forward jet lying on the left half-plane and right-half-plane (with the same smallest angle to the leading jet) are not symmetric. Let us note that in the collinear factorization at leading order the momentum conservation requires that π/2 < φ 13 < 3π/2. Thus the shapes given in the plots discussed below are a characteristic feature of the high-energy factorization. In Figs. 5-7 we present a sample of our result for the differential cross section in the variable φ 13 . We observe that indeed the whole region (0, 2π] is covered by events, however the "collinear" region π/2 < φ 13 < 3π/2 dominates. The results for the nonlinear evolution described in the Section 2 for proton and lead, as well as the BFKL with sub leading corrections are similar and the nuclear modification ratio is consistent with unity, as seen in Fig. 6 .
Let us now turn to the case when the two leading jets are restricted to be back-to-back-like. In the present calculation we choose D cut = 30 GeV. We have checked empirically that in order to observe any significant difference comparing to forward-central case discussed above we should use xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx 35 GeV < pT 3 < pT 2 < pT 1 |η1,2| < 2.8 3.2 < η3 < 4.7 3 jets production at √s = 5.02 TeV xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx 
Our results are presented in Figs. 8-10 . The main properties of the distributions are the following. First, the relative magnitude between the "collinear" region and the "non-collinear" region is decreased comparing to the previous case. This indicates that we enter the region which is small x sensitive. We see (right of Figs. 8, 10 ) that for the c.m. energy of 7 TeV and large energy scale the distributions are different for linear and nonlinear evolution and the difference is most significant in the "noncollinear" region. The nuclear modification factor (Fig. 9) is, however, still consistent with unity.
Forward jets
Let us move to the case where all of the jets are in the forward rapidity region. As discussed in Subsection 4.2, in this region we can safely go to relatively low values of p T cut ; thus we set p T cut = 20 GeV. We present the results in Figs. 11-13. We observe significant differences between the three scenarios (nonlinear proton, nonlinear Pb and linear proton) in the middle region of φ 13 distributions, i.e. in the "collinear" region. It is also nicely illustrated by the nuclear modification ratios (Fig. 12 ) which now have two dips in that region, indicating that the region is sensitive to the nonlinear effects. The qualitative behavior is the same for both considered c.m. energies. dσ/dϕ 13 [pb] xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx kinematic cuts : 20 GeV < pT 3 < pT 2 < pT 1 3.2 < η1,2,3 < 4.9
3 jets production at √s = 5.02 TeV xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx 
Unbalanced jet transverse momentum
Let us now switch to an analysis of the cross section as a function of the following quantity
which in the prescription given by the Eq. (4) corresponds to the transverse momentum of the off-shell gluon, i.e., ∆p T = k T A . Let us remark, that the distributions we are going to present can be much more affected by the final state parton shower, than the decorrelation distribution presented above. Nevertheless, it is very interesting to study the influence of different evolution equations for the multiparticle production purely within the high-energy factorization.
Central-forward jets
We present the results in Figs. 14, 15, 16 . The first immediate observation is that the distributions possess a maximum around 1 GeV (bottom of Figs. 14, 16) which corresponds to the maximum of the unintegrated gluon densities (see Ref. [46] ) used in the calculations. The region below 1 GeV is sensitive to the different evolutions; the most significant difference is between linear and non-linear evolution, however the nuclear modification factor is slightly suppressed for ∆p T < 2.5 GeV.
The scenario with the two leading jets being back-to-back-like is not especially interesting for the unbalanced transverse momentum distributions due to the kinematics involved. It turns out that the region of ∆p T that is smaller then a few GeV is kinematically forbidden. Although back-to-back forward-central jets probe actually the high transverse momenta in the unintegrated gluon density, we did not see any conclusive features of tails in our distributions.
xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx kinematic cuts : 35 GeV < pT 3 < pT 2 < pT 1 |η1,2| < 2.8 3.2 < η3 < 4.7 3 jets production at √s = 5.02 TeV xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx 
Forward jets
Finally we turn to the forward rapidity region. Again we note the significant differences in the distributions for different evolution scenarios (Figs. 17-19 ). They are most prominent in the low unbalanced transverse momentum region ∆p T < 5 GeV (see the bottom plots in Figs. 17-19) . We note the suppression of the distributions with nonlinear evolution, with, however, lead being suppressed much more. This is also reflected in the nuclear modification ratios as is evident from Fig. 18 . Interestingly, the nuclear modification factor is not so much sensitive to the scale variation.
Summary
In the present work we have studied three jet production at LHC for proton-proton and protonlead collisions. As we pointed out the trijet final state is an ideal tool to perform scan of small x unintegrated gluon density and to discriminate between different evolution scenarios. In our work we have used two independent Monte Carlo programs which implement high-energy k Tfactorization with a single off-shell gluon and gauge invariant matrix elements. We have studied three scenarios for the evolution of the unintegrated gluon density: nonlinear evolution for proton and lead according to Refs. [45, 47] and its linear version. From numerous observables that can be constructed for a three jet process, we have chosen azimuthal decorrelations and the unbalanced transverse momentum of the jets. We considered two rapidity regions accessible experimentally: forward-central region and purely forward region. In addition we have considered the situation, when the two central jets are back-to-back-like. Our findings can be briefly summarized as follows. Forward-central collisions with relatively high cut on the transverse jet momenta are not sensitive to different kinds of gluon evolution, although they reflect some key features of the high-energy kinematics. The situation changes, when the two leading jets are approximately back-to-back as xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx 3 jets production at √s = 7.0 TeV xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx 3 jets production at √s = 5.02 TeV xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx xxxxxx the distributions start to be sensitive to the region of a relatively large transverse momentum in the unintegrated gluon density. For the case of forward scattering, we observe significant difference between all three kinds of evolution, in particular the shape of the nuclear modification factors (Figs. 12, 18 ) suggest strong suppression due to saturation effects, which is visible both in the azimuthal decorrelations and the unbalanced p T distributions.
Erratum: Three jet production and gluon saturation effects in p-p and p-Pb collisions within high-energy factorization The following erratum updates the results for the azimuthal decorrelations published in our orginal work. There, the decorrelations were defined as diferrential cross sections in the following variable
where φ 1 ,φ 3 are azimuthal positions of the leading and softest jets respectively (the hardeness is defined according to the jets transvere momentum). As we commented in the section entitled "Azimuthal decorrelations", due to such definition of φ 13 the distributions are not mirror-symmetric with respect to φ 13 = π axis. Since this asymmetry is unphysical we recalculate the azimuthal decorrelations using φ 13 defined as the smallest azimuthal angle between the leading and the softest jets. xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx 35 GeV < pT 3 < pT 2 < pT 1 |η1,2| < 2.8 3.2 < |η3| < 4.7 3 jets production at √s = 5.02 TeV xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx kinematic cuts : 20 GeV < pT 3 < pT 2 < pT 1 3.2 < |η1,2,3| < 4.9
3 jets production at √s = 5.02 TeV xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx xxxxxxx 
